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Abstract

In this thesis, we provide a clear and detailed study of the zero-divisor
graph (' ), where is a commutative local principal ideal ring. The objective
is to determine the effect of the nilpotency index on the structure and
properties of the graph ['(' ). This thesis shows the strong connection between
ring theory and graph theory and offers a general method that holds for any

value of , where t is a positive integer.

Our study starts with the case when = 3. In this case, the graph has
two separate sets, and each vertex in one set is connected to all vertices in the
other set, but not to any vertex in the same set. This is known as a semi-
bipartite graph. When = 4, a third set appears; therefore, a new graph with
a new structure is formed, which is more complex, and this leads to changes
in the values of the results obtained in the first case, including, the degree of
the vertices, the number of graph edges, the value of the center of the graph,
the clique number, and the chromatic number (noting that the relationship
between them continues to be the same as in the first case — an equality).
Also affected are the matching number, as well as the first and second Zagreb

indices and the coindices.

After that, we generalize the previous results for any positive value of

, as the structure of the graph is formed by dividing its vertices into disjoint
subsets defined by the equation =\ , =1,.., —1where isthe
maximal ideal of the ring. Based on this structure, two vertices belonging to
subsets and are adjacent if + = . This adjacency condition
determines the structure of the graph and leads to different structures

depending on whether 1s even or odd positive integer.
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