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Abstract

Deep learning (DL) is being widely used and has a key place in many
disciplines since it is an effective way to investigate the behavior of many
different systems. Deep learning has recently been utilized to solve
differential equations using physics-based input. Physics-informed neural
networks (PINNs) are a novel deep learning model that excels at solving both
inverse and forward non-linear PDE problems. PINNs may be trained as
surrogate models for approximation solutions to the partial differential
equations (PDEs) without label data by embedding the physical information
outlined by PDEs in feedforward neural networks. Owing to neural networks
exceptional capacity to depict intricate interactions, several PINN-based
techniques have been created to address a range of issues, including
fractional partial differential equations, stochastic partial differential

equations, and integro-differential equations.

The PINN is used in this thesis to solve Volterra integro-differential
equations (VIDEs) of 2™ order. Hence, after being converted to a differential
equation (DEs), the series of approximated closed-form iterated solutions is
obtained using the generic Gauss legendar quadrate. Furthermore, three
examples are provided and resolved to demonstrate the dependability,
effectiveness, and suitability of the suggested approach. It is found the tanh
and sin is the activation's functions and the Optimization method L-BFGS
and L-BFGS-B more appropriate for solving 2" order VIDEs by PINN. We
have found The square of the relative error in all cases ranges between 0.1e-
5 and 0.1e-7 and this is an excellent result and too the training duration for
all cases was between 160-280 seconds. The results demonstrate the

advantages faster convergence and improved accuracy.

This thesis also presents a new neural network implemented using

Python and the IDRLnet library. The new neural network of the open-source
I



deep learning package is designed to solve PDEs using PINNs and is mainly
used for physics-informed deep learning. This thesis uses PINN to solve the
2" order VIDE, in which a series of iterative solutions are established based
on the Gauss Legendre quadratic method after converting the 2™ order VIDE
into a Differential equation. In addition, three different examples are
presented and solved using the new algorithm to highlight the accuracy and
efficiency of the pro-posed method. It is found that the L2 relative error in
all cases is between 0.1e-3 and 0.1e-5, which is a good result, and the
“training” time for all cases are 414.08, 724.2, 1339.31, and 2260.8 seconds.
Finally, it is concluded that the interval functions (function domain) in the
solution region are inversely proportional to the solution's accuracy. In
addition, the number of iterations of training the network directly affects the
solution's accuracy. Also, the relatively higher the degree of the Gauss-
Legendre method, the more accurate the solution to the Volterra integral

equation will be.

After careful evaluation, we have found that the Deepxde library
surpasses the IDRLnet library in many aspects: The Deepxde library
provides precision absolute errors of 5 to 8 decimal places, while the
IDRLnet library yields 3 to 5 decimal places. Consequently, the Deepxde
library exhibits higher levels of accuracy. The L2 relative error in the
Deepxde library yields an accuracy ranging from 5 to 7 decimal places, but
the IDRLnet library only provides an accuracy ranging from 3 to 5 decimal
places. The execution time for executing the Python program in the Deepxde
library ranges from 160 to 280 seconds, but in the IDRLnet library, it is
414.08, 724.2, 1339.31, and 2260.8 seconds.

Finally, should be note that we used Python (3.9.13) with several
libraries such as: Numpy (2.2.0), Deepxde (1.12.2), IDRLnet (2.0.0),
PyYAML (6.0.2), paddlepaddle (2.6.2), matplotlib (3.10.0), Torch (2.5.1),

mpmath (1.4.0), pandas (2.2.4), packaging (2.24), and many more.
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