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ABSTRACT

In real-world problems, complex systems often lead to complex
mathematical models, and researchers strive to provide the best
mathematical models to adequately describe these phenomena. The advent
of the fractional derivative has led to the solution of many applied problems.
However, when a single value is given to the order in systems whose physical
properties change over time, or where internal interactions occur and several
factors influence the system, it is difficult to describe these situations using
constant orders. As a result, these phenomena have led to the emergence of
two independent concepts of the fractional derivative: distributed order

operators and variable order operators.

In this Thesis, spectral numerical methods based on minimizing the
error function using weighted residual methods were presented. Many
orthogonal and non-orthogonal polynomials were relied upon. Chelyshkov
polynomial was chosen because it is fractional and used on an indefinite
period of length. A comparison was made between the polynomials in many
tests. It was found that their effect on the accuracy of the approximate
solution was small. In addition, a new weight function was proposed based
on the Mittag-Leffler weight function. High-accuracy results were obtained
in several tests. In addition, a numerical comparison was made between the
weighted residual methods. It was found that their effect is strong on the
approximate solutions, but it is difficult to calculate the integrals in many
tests. For this, the direct calculation of the integrals was eliminated by
creating systems based on calculating the integral in a purely numerical way.
From the theoretical side, the convergence of the method based on
Chelyshkov polynomial was studied and the error resulting from
approximation was analyzed. The convergence of the proposed weighting

method was also studied.



From the practical side, the proposed methods were applied to solve
ordinary differential equations with fixed and variable fractional orders and
with distributed fractional orders. Fractional differential equations with fixed
and variable fractional order delay problems were solved. In addition, three
equations considered important in physical applications were highlighted,
namely the Bagley-Torvik equation, the Atanakovi¢ system and the
Pantograph equation. Results with acceptable error rate were obtained in
most tests. Since the proposed method does not depend on calculating
integrals directly, this led to reducing the large computational efforts.
MATLAB was used to make comparisons and calculate approximate

solutions.
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